Abstract. We define and study a notion of discrete homology theory for metric spaces. Instead of working with simplicial homology, our chain complexes are given by Lipschitz maps from an n-dimensional cube to a fixed metric space. We prove that the resulting homology theory satisfies a discrete analogue of the Eilenberg-Steenrod axioms, and prove a discrete analogue of the Mayer-Vietoris exact sequence. Moreover, this discrete homology theory is related to the discrete homotopy theory of a metric space through a discrete analogue of the Hurewicz theorem. We study the class of groups that can arise as discrete homology groups and, in this setting, we prove that the fundamental group of a smooth, connected, metrizable, compact manifold is isomorphic to the discrete fundamental group of a 'fine enough' rectangulation of the manifold. Finally, we show that this discrete homology theory can be coarsened, leading to a new non-trivial coarse invariant of a metric space.
Introduction
Discrete homotopy theory is a discrete analogue of homotopy theory, associating a bigraded sequence of groups to a simplicial complex, capturing its combinatorial structure, rather than its topological structure. Originally called A-theory, it was developed in [13] , [4] , [5] , and [3] , which built on the work of Atkin [1] , [2] . Discrete homotopy theory can be equivalently defined for finite connected graphs, resulting in an algebraic invariant of finite connected graphs and graph homomorphisms, in the same way that classical homotopy theory gives invariants of topological spaces and continuous maps: it associates a sequence A i (G) of groups to a finite connected graph. Discrete homotopy theory has been applied to different areas, including subspace arrangements [6] , amenability of graphs [8] , and pattern recognition [9] . Discrete homotopy theory can also be generalized to arbitrary metric spaces, depending on a parameter r. The rationale for generalizing to arbitrary metric spaces will be given after Theorem 1.4.
Is there a discrete homology theory that is related to discrete homotopy theory in the same way that classical homology is related to classical homotopy theory? The goal of this paper is to answer this question. We construct a collection of functors from the category of metric spaces and Lipschitz maps to the category of abelian groups. We define a discrete analogue of the Eilenberg-Steenrod axioms. Our first theorem is: Theorem 1.1 (Theorem 3.8). The discrete homology theory satisfies the discrete analogue of the Eilenberg-Steenrod axioms.
In the process, we define a notion of discrete cover, and prove an analogue of the MayerVietoris exact sequence. Continuing our analogy with classical homology, we prove the Hurewicz theorem in dimension 1.
Theorem 1.2 (Theorem 4.1).
The abelianization of the discrete fundamental group of a metric space (at scale r) is isomorphic to its first discrete homology group (at scale r).
Then we study the class of groups that can arise as discrete homology groups of a metric space and we obtain the following proposition. Proposition 1.3 (Corollary 5.4). For any abelian group G andn ∈ N, there is a finite connected graph Γ such that then-dimensional discrete homology group of Γ (at scale 1) is G and all others are trivial.
It is worth mentioning that, in order to prove the previous proposition, we obtain a new result in discrete homotopy theory: Theorem 1.4 (Theorem 5.1). Let R be a 'fine enough' rectangulation of a compact, metrizable, smooth and path-connected manifold M , then the classical fundamental group of M is isomorphic to the discrete fundamental group of R at scale 1.
A second motivation for the present paper comes from coarse geometry. Informally speaking, coarse geometry is the study of a metric space from a large scale point of view. Coarse algebraic topology is useful for approaching problems from different areas. For instance, Roe's coarse cohomology [16] was invented to perform index theory on non-compact manifolds and Higson and Roe's coarse homology [12] was used to formulate coarse versions of Baum-Connes's and Novikov's conjectures [18] . Other coarse homology theories have been discovered over the last two decades, including Block-Weinberger's uniformly finite homology [7] and Nowak-Špakula's controlled coarse homology [15] .
The second goal of this paper is to construct a new coarse invariant obtained from the discrete homology groups. Hence, instead of restricting ourselves to finite graphs, we work in the more general setting of metric spaces X and we construct discrete homology groups depending on a scaling parameter r. Since a typical coarse object is a sequence of discrete objects we consider DH n,r (X), the countably infinite direct product of copies of DH n,r (X): Theorem 1.5. The direct limit of DH n,r (X), as r → ∞, is a coarse invariant of X.
This coarse homology theory is a relevant new object with many interesting open questions which we will study in the sequel to this paper.
The paper is organized as follows: in the next section, we review some terminology from discrete homotopy theory, and extend discrete homotopy theory to metric spaces. We also introduce discrete homology theory at scale r. In Section 3, we give discrete analogues of the EilenbergSteenrod axioms, and prove the discrete analogue of the Mayer-Vietoris exact sequence. The Eilenberg-Steenrod axioms allow us to relate discrete homology with discrete homotopy equivalence, in the same way that classical homology is related to classical homotopy equivalence. The results in this section also justify refering to our theory as 'discrete homology' theory. Then we study the discrete analogue of the Hurewicz map in Section 4, which is followed by studying different constructions in Section 5. In Section 6, we define the discrete coarse homology theory. Finally, we end the paper with some conclusions, and open problems.
Discrete homotopy theory and Cubical discrete homology theory
First, we recall definitions from discrete homotopy theory of graphs, and extend them to metric spaces. Given two metric spaces (X, x 2 ), for all x 1 , x 2 ∈ X. When X is the vertex set of a connected graph G, there is a well-defined metric d G , the length of the shortest path connecting two vertices. For connected graphs, the definition of graph homomorphism f : G → H appearing in [4] is equivalent to saying that the map f is 1-Lipschitz between the corresponding metric spaces (V (G),
In the following definition, {0, . . . m} is equipped with the metric d(a, b) = |a − b| and the cartesian product X × {0, . . . m} is equipped with the ℓ 1 -metric. Definition 2.1. Let X, Y be metric spaces, and let f, g : X → Y be r-Lipschitz maps. Then f and g are r-discrete homotopic if there exists a non-negative integer m and an r-Lipschitz map F : X × {0, . . . m} → Y such that F (−, 0) = f and F (−, m) = g.
This definition generalizes the notion of discrete homotopic maps appearing in [4] . Since our definition of two r-Lipschitz maps being 'homotopic' involves {0, . . . , m}, a finite discrete metric space, we continue to call the resulting theory discrete homotopy theory. Now we define the discrete fundamental group of a metric space (at scale r). Let (X, d) be a metric space. An r-path connecting x to y is a finite sequence of points x 0 x 1 . . . x n x n+1 such that x 0 = x, x n+1 = y and d(x i , x i+1 ) ≤ r, for all i. Fix a base point p ∈ X, an r-loop based at p is an r-path such that x 0 = x n+1 = p. Denote by C r (X, p) the set of r-loops based at p. The set C r (X, p) is a group under the operation of concatenation of r-loops, that is,
Definition 2.2. Every r-loop x 0 x 1 . . . x n x n+1 is r-homotopy equivalent to x 0 x 1 . . . x n+1 p. Moreover, given two r-loops x 0 x 1 . . . x n x n+1 and y 0 y 1 . . . y n y n+1 of the same length, then the r-loops are r-homotopy equivalent if there is a formal matrix 
• every row is an r-loop based at p, • every column is an r-path based at p.
The r-homotopy equivalence, denoted by ∼ r , is an equivalence relation on C r (X, p) which agrees with the operation of concatenation. Definition 2.3. The discrete fundamental group at scale r is
) is connected at scale r > 0 if for all x, y ∈ X, there are x 0 , x 1 , . . . , x n , x n+1 ∈ X such that x 0 = x, x n+1 = y, and d(x i , x i+1 ) ≤ r, for all i.
If (X, d) is connected at scale r, then this group does not depend on p. So it will be denoted by A 1,r (X). Observe that if X is a finite connected graph and r = 1, then A 1,1 (X) is the discrete fundamental group of the graph as defined in [4] . There are higher homotopy groups A n,r (X). For r = 1, and when X is a graph, they are defined in [4] . Alternatively, discrete homotopy theory is defined as a cubical homotopy theory in [3] . Now we define our discrete homology theory. Note that discrete homotopy theory involves formal matrices, which can be thought of as a finite subspace of the metric space Z 2 . Higher discrete homotopy groups also involve finite subspaces of Z n , which can be thought of as a cubical subdivision of a cube. With this motivation, we define our discrete homology groups in terms of Lipschitz maps from discrete cubes.
Let Q n denote the n-dimensional cube, represented by the set of points {(a 1 , . . . , a n ) ⊆ R n : a i ∈ {0, 1}}, equipped with the Hamming distance [11] .
Let L n,r (X) be the free abelian group generated by all singular (n, r)-cubes. Let σ : Q n → X be an (n, r)-cube, with n ≥ 1. Let i ∈ {1, . . . , n}.
• The i-th front face of σ is the singular (n − 1, r)-cube (A n i σ)(a 1 , . . . , a n−1 ) = σ(a 1 , . . . , a i−1 , 0, a i , . . . , a n ), • The i-th back face of σ is the singular (n − 1, r)-cube (B n i σ)(a 1 , . . . , a n−1 ) = σ(a 1 , . . . , a i−1 , 1, a i , . . . , a n ). A singular (n, r)-cube σ is degenerate if A n i σ = B n i σ for some i. Let D n,r (X) be the free abelian group generated by all degenerate (n, r)-cubes and C n,r (X) = L n,r (X)/D n,r (X), whose elements are called (n, r)-chains in X. Definition 2.6. The boundary of a singular (n, r)-cube σ : Q n → X is
The boundary operator extends to a group homomorphism ∂ n :
, we obtain a map ∂ n : C n,r (X) → C n−1,r (X) and a chain complex (C, ∂).
Definition 2.7. Let DH * ,r (X) denote the homology groups of the resulting chain complex; these are the discrete homology groups at scale r.
More precisely, define B n,r (X) := Im(∂ n+1 ), the group of (n,r)-boundaries, and Z n,r (X) := ker(∂ n ), the group of (n,r)-cycles. Since δ n • δ n+1 = 0, one has B n,r (X) ⊆ Z n,r (X) and
Similarly, let A ⊂ X be a subspace of X. Then one can show that ∂ n (C n,r (A)) ⊆ C n−1,r (A), so that there is a map ∂ n : C n,r (X, A) → C n−1,r (X, A), where C n,r (X, A) = C n,r (X)/C n,r (A). The resulting homology of this chain complex is the relative homology DH * ,r (X, A).
Discrete Analogue of the Eilenberg-Steenrod Axioms
The purpose of this section is to show that the discrete homology theory DH * ,r (X) satisfies a discrete analogue of the classical Eilenberg-Steenrod axioms [10] and a discrete analogue of the classical Mayer-Vietoris exact sequence [14] , [17] . In order to prove these results, we need a notion of 'discrete open cover'. As motivation for our definition, observe that, for the classical results, the notion of open set is not important in itself, but rather the following geometric property: that a simplex can be replaced with a sum of simplices, which each lie in the interior of some open set in the cover. This is our motivation for the following discrete analogue of cover.
Definition 3.1. An n-dimensional discrete cover at scale r > 0 of a metric space X is a family U = {U i } of subsets of X such that:
Two dimensional discrete covers (for graphs and with r = 1) have already appeared in [4] to prove the Seifert-van Kampen Theorem for discrete fundamental groups.
Remark 3.2. Two dimensional discrete covers are not necessarily 3-dimensional discrete covers. Take the 3-dimensional Hamming cube Q 3 , and consider the cover made of its six 2-dimensional faces. This is a 2-dimensional cover, but not a 3-dimensional cover.
Definition 3.3.
A discrete cover at scale r is an n-dimensional discrete cover, for all n.
Given subsets A, B of X, consider the canonical inclusions
Theorem 3.4 (Mayer-Vietoris sequence). Let X be a metric space and let {A, B} be a discrete cover of X at scale r > 0. Then we have the following long exact sequence:
Consider the following sequence of chain complexes:
/ / 0 By the zig-zag lemma, if the above sequence is short exact, then we obtain a long exact sequence in homology. Injectivity of diag, and exactness at C n,r (A) ⊕ C n,r (B) are both clear. To prove surjectivity of diff, consider a singular (n, r)-cube σ in A ∪ B. Since {A, B} is a discrete cover, then σ lies in A or B, and hence in the image of diff. Now we give a counterexample to the Mayer-Vietoris Theorem when {A, B} is not a discrete cover.
Example 3.5. Consider the graph C 5 , with vertex set {x 1 , . . . , x 5 }, where x i , x i+1 and x 0 , x 5 are adjacent. Let A = {x 1 } and B = {x 2 , . . . , We can now formulate the discrete analogue of the Eilenberg-Steenrod axioms. Definition 3.7. A discrete homology theory at scale r consists of:
• A sequence DH n,r (−) of functors from M et to the category of abelian groups.
• A natural transformation ∂ : DH n,r (X, A) → DH n−1,r (A) These functors are subject to the following axioms:
(1) (homotopy) Discrete homotopic maps induce the same map in discrete homology. That
, then their induced maps are the same. (2) (excision) Let {A, B} be a discrete cover of X. Then the inclusion (B, A ∩ B) → (X, A) induces isomorphisms DH n,r (B, A ∩ B) → DH n,r (X, A), for all n. (3) (dimension) Let P be the one-point space; then DH n,r (P, ∅) = {0}, for all n ≥ 1 and for all r > 0. (4) (long exact sequence) Each pair (X, A) induces a long exact sequence via the inclusion maps i : A → X and j : (X, ∅) → (X, A):
. . We have defined the functors DH * ,r (X, A). The natural transformations ∂ : DH n,r (X, A) → DH n−1,r (A) is defined as follows: Let σ be a representative of a class in DH n,r (X)A, and let τ be an n-chain in X which maps onto σ (under the quotient map C n,r (X) → C n,r (X)/C n,r (A)).
. One can check that ∂(σ) ∈ C n−1,r (A), and that the map is well-defined.
Theorem 3.8. The functors DH * ,r (X, A) form a discrete homology theory.
Proof. We prove the result item-by-item.
(1) (homotopy) Suppose f and g are k-Lipschitz, and discrete homotopic. Let F :
The map Φ is a chain homotopy from C ⋆,r (X) to C ⋆,kr (Y ); the result follows from homological algebra.
(2) (Excision) Let U = {A, B} and let C U n,r (X) to be the subgroup of C n,r (X) generated by singular (n,r)-cubes with image in A or in B. Then C U n,r (X) = C n,r (X), for all n, since U is a discrete cover. Hence we have an isomorphism in homology
Now observe that the map
induced by inclusion, is obviously an isomorphism since both quotient groups are free with basis the singular (n,r)-cubes in B which do not lie in A. Hence, using (1), we have an isomorphism in homology
(3) (dimension) Observe that, for n ≥ 1 and r > 0, every singular (n, r) cube is degenerate and so we have C n,r = {0}. Consequently, DH n,r (P ) is trivial for all n ≥ 1 and for all r > 0. (4) (long exact sequence) As in the classical case, the maps i and j give rise to a short exact sequence of chain complexes; the result follows from the zig-zag lemma. Note that the zig-zag lemma gives the existence and uniqueness of the natural transformation ∂ : DH n,r (X, A) → DH n−1,r (A).
Hurewicz theorem in dimension one
The aim of this section is to prove an analogue of the Hurewicz theorem for discrete homology theory; DH 1,r (X) is isomorphic to the abelianization of the discrete fundamental group of X at scale r. Definitions 2.2 and 2.3 are used in this section.
Theorem 4.1. Let (X, d) be a metric space which is connected at scale r. Then DH 1,r (X) is isomorphic to the abelianization of A 1,r (X).
Proof. We construct a map
Step 1. Definition of φ. Let [γ] ∈ A 1,r (X, p) and choose a representative γ = x 0 x 1 . . . x n x n+1 , with x 0 = x n+1 = p, such that x i = x i+1 , for all i. This condition and the fact that d(x i , x i+1 ) ≤ r imply that the maps σ i : Q 1 → X, defined as σ i (0) = x i , σ i (1) = x i+1 , are non-degenerate (1, r)-cubes, for all i. Therefore i σ i ∈ C 1,r (X). Now observe that
Denote by γ the image of i σ i down in DH 1,r (X) and define φ([γ]) = γ.
Step 2. φ is well defined. Let γ 1 = px 1 x 2 . . . x m p and γ 2 = py 1 y 2 . . . y n p be two r-homotopy equivalent r-loops. 
Step 3. φ is a group homomorphism. This follows by direct computation. Indeed, if γ 1 = px 1 x 2 . . . x m p and γ 2 = py 1 y 2 . . . y n p. One has
where
On the other hand, γ 1 γ 2 = px 1 . . . x m py 1 . . . y n p. Therefore,
where ν i = σ i , for i ∈ {0, . . . , m}, and ν m+i = µ i , for i = {0, . . . , n}. This is then clearly equal to (2).
Step 4. φ is surjective. Let λ be a singular (1, r)-cycle, say λ = k i=1 n i σ i , where
Let S := {σ i (0), σ i (1) : i = 1, . . . , k}. For a given q ∈ S, • let m q be the sum of the coefficients of q in (3). Observe that m q = 0, by Equation (3).
• let β q be an r-path connecting p and q. For all i = 1, . . . , k, define the r-loop η i := β γ i (0) σ i β γ i (1) and define
Step 5. The kernel of φ is equal to the commutator subgroup of A 1,r . Since Im(φ) is an abelian subgroup of DH 1,r (X), then [A 1,r , A 1,r ] ⊆ ker(φ). To prove the other inclusion, let γ be an r-loop based at p whose homotopic class [γ] belongs to ker(φ). Since γ = 0, then γ is the boundary of a (2, r)-chain σ = k i=1 n i σ i , where σ i : {(0, 0), (1, 0), (0, 1), (1, 1)} → X are such that the distance of the images of two adjacent vertices is at most r. Now, write ∂σ i as the sum of its faces; that is,
We have
Fix the following notation. Let
. . , k}, and let S be the set of endpoints of the (1, r)-chain a . For all q ∈ S, let η q be an r-path joining p and q. For all θ ∈ L, let m θ be the sum of the coefficients of θ in Equation (6) . Now, for each singular (2, r)-cube, consider the following four (2, r)-paths:
.
Denote by η i the concatenation of all these paths. Using Equations (4) and 5, we can show that η i is r-homotopy equivalent to the constant loop. Indeed
. To see that this latter loop is homotopy equivalent to the constant loop, write first β a + i (0) = px 1 x 2 . . . x m σ i (0, 0), so as we have
Now γ = (γ 0 , . . . , γ k , γ 0 ). Let τ i be the singular (1, r)-cube such that τ i (0) = γ i and τ i (1) = γ i+1 . Let ω be the concatenation
, which is homotopy equivalent to γ. Now set δ = η 
Groups appearing as homology groups
In this section, we describe groups which appear as discrete homology groups (and discrete homotopy groups). Our main result is Corollary 5.4, that is based on facts of intrinsic interest: the classical fundamental group of a compact, smooth, metrizable, path-connected manifold is the discrete fundamental group of a metric space (and thus the first homology group is also a discrete homology group). We also give a construction which is an analogue of suspension.
Let M be a compact, metrizable, smooth, and path connected manifold. Let ℓ > 0 be the infimum of the lengths of all non-contractible loops on M . We say that a rectangulation R of the manifold is 'fine enough' if each side of the rectangulation has length at most ℓ/5. Theorem 5.1. Let R be a 'fine enough' rectangulation of a compact, metrizable, smooth, and path-connected manifold M . Let X be the natural graph associated to the rectangulation R. Then
Proof. Let p ∈ X be a base point. We can associate to every loop in M based at p a discrete loop in X by the following procedure. Note that the converse does not hold a priori for an arbitrary triangulation and this is why we need a fine enough rectangulation. For such rectangulations, we have that ifγ 0 = px 1 . . . x s p andγ 1 = py 1 . . . y s p are discrete homotopy equivalent, then γ 0 and γ 1 are homotopy equivalent. Indeed, let γ 0 and γ 1 be two loops in X that are homotopy equivalent and consider a homotopy matrix between them. 
Now, to every row and every column of the homotopy matrix, associate the path in M that is obtained by connecting adjacent points in the homotopy matrix via the edge in the rectangulation connecting them. Because no rectangule of the rectangulation can contain a non-contractible loop, we know that the loop associated this way to the first row is homotopy equivalent to γ 0 and the loop associated to the last row is homotopy equivalent to γ 1 . Moreover, we know that all squares ppz 1 1
do not contain any contractible loop in M , because of our choice of the rectangulation. In other words, all these squares, seen as loops in M as above, are contractible and therefore, they can be filled by a standard homotopy. Gluing all these homotopies, one obtain a standard homotopy between the loop associated to the first row (that is homotopy equivalent to γ 0 ) and the loop associated to the last row (that is homotopy equivalent to γ 1 ). In conclusion, γ 0 and γ 1 are homotopy equivalent in M .
Since it is easily seen that the correspondance we defined between paths in M and discrete paths in X is surjective and preserves concatenation, it then gives rise to an isomorphism between the fundamental groups of M and the discrete fundamental group of X, as claimed.
Next we give a construction that is similar to suspension of a topological space. Definition 5.2. Let X be a metric space, and r > 0. Take Y = X × {0, 1, 2, 3}, equipped with the ℓ 1 -metric, and then quotient Y by identifying all points whose second coordinate is 0, and identifying all points whose second coordinate is 3. Denote this metric space by X s . Let 0 (t, respectively) denote the class in X s corresponding to the points of Y where the second coordinate is 0 (3, respectively). Proposition 5.3. For all n, we have DH n,r (X) ≃ DH n+1,r (X s ).
Proof. Let A = X s \ {0}, and B = X s \ {t}. We claim that {A, B} forms a discrete cover. Note that A ∩ B is r-homotopy equivalent to X, and A, B are both contractible. The result then follows from the Mayer-Vietoris exact sequence.
Corollary 5.4. For all abelian group G and for alln ∈ N, there is a finite connected simple graph Γ such that
Corollary 5.5. There is graph S n with the property 
For any sequence G i of abelian groups, there is an extended metric space X such that DH n,r (X) ≃ G n . The construction uses disjoint union (which is why we must work with extended metric spaces).
A new coarse homology theory
As mentioned in the Introduction, the main motivation to work with metric spaces is to construct a new coarse invariant. Since a typical coarse object is a sequence of finite objects, the idea is to take the direct limit, as r goes to infinity, of the countably infinite direct product of the discrete homology theory.
To make this idea formal, we first recall some basic facts about direct limits of groups. A direct system of groups is a net (G r , φ r,s ) r,s∈R,r≤s , where R is a directed set, G r are groups, and φ r,s : G r → G s are group homomorphisms such that φ s,t • φ r,s = φ r,t , for all r ≤ s ≤ t, and φ r,r = Id Gr , for all r. In our case, the directed set R is an unbounded interval of positive real numbers R = [r 0 , ∞).
Definition 6.1. Let (G r , φ r,s ) and (H r , ψ r,s ) be two direct systems of groups. A homomorphism α : (G r , φ r,s ) → (H r , ψ r,s ) of direct systems is a net of group homomorphisms α r : G r → H ρr such that
• the function r → ρ r is increasing,
• for all r ≤ s, one has ψ ρr,ρs • α r = α s • φ r,s
Let (G r , φ r,s ) be a direct system of groups. The direct limit G = lim − → G r is the quotient of the disjoint union of all the G r 's modded out by the following equivalence relation: g ∈ G r is equivalent to h ∈ G s if there is t ≥ r, s such that φ r,t (g) = φ s,t (h).
Remark 6.2. Let (G r , φ r,s ) and (H r , ψ r,s ) be two direct systems of groups and let G and H be respectively their direct limits. A homomorphism α : (G r , φ r,s ) → (H r , ψ r,s ) of direct systems induces a canonical group homomorphism α * : G → H as follows. Given [g] ∼ ∈ G, assume that the representative g belongs to G r , and define α * ([g] ∼ ) = [α r (g)] ∼ . One easily checks that α * is well defined and it is in fact a group homomorphism from G to H.
Given two homomorphisms α : (G r , φ r,s ) → (H r , ψ r,s ) and β : (H r , ψ r,s ) → (K r , χ r,s ), the composition β • α : (G r , φ r,s ) → (K r , χ r,s ) is defined through the net of homomorphisms (β • α) r := β ρr • α r , and is a homomorphism of direct systems of groups. The following also holds:
We need the following Lemma:
Lemma 6.3. Let α, β : (G r , φ r,s ) → (H r , ψ r,s ) be two homomorphisms and suppose there exists r ∈ R, such that for all s ≥ r, we have α s = β s . Then α * = β * .
Proof. Let G, H be the direct limits of (G r , φ r,s ) and (H r , ψ r,s ) respectively, and let [g] ∼ ∈ G. Without loss of generality, suppose we have a representative g ∈ G s with s ≥ r. Then α s (g) = β s (g), so we have
A metric space is proper if closed balls are compact. 
A map f : X → Y is called uniformly bornologous if there is a function S such that f is uniformly S-bornologous.
We recall that a map f : X → Y between proper metric space is called proper if inverse images of compact sets are compact. Let us introduce some acronyms:
• U BP (X, Y ) is the set of uniformly bornologous and proper maps f : X → Y .
• U BP S (X, Y ) is the set of uniformly S-bornologous and proper maps f : X → Y . We said at the beginning of this section that coarse geometry is, informally speaking, the study of a metric space from a large scale point of view. Formally, coarse geometry is the study of the category whose objects are proper metric spaces and whose morphisms are bornologous maps. Therefore, to define a coarse homology theory, we need an homology theory for proper metric spaces that are coarsely connected and such that this theory is invariant under bornotopy equivalence. Definition 6.7. A metric space is coarsely connected if it is connected at some scale r > 0.
Throughout the rest of this section, X will be always assumed coarsely connected and the index r will be always assumed to be large enough such that X is connected at scale r.
The idea to coarsen the discrete homology theory is very simple: a coarse chain will be a sequence of discrete chains, modded out by bounded sets. Formally, we first need to take the direct product of countably many copies of DH n,r (X) and then the direct limit over r. So, first set DH n,r (X) := Π ∞ k=1 DH n,r (X). For r ≤ s, denote ι n,r,s : DH n,r (X) → DH n,s (X) the inclusion and letι n,r,s = (ι n,r,s ) k : DH n,r (X) → DH n,s (X) be the component-wise homomorphism. Clearly, for every fixed n, ( DH n,r (X),ι n,r,s ) is a direct system of groups and so we can define
Examples 6.8.
(1) Every bounded metric space X has trivial DH n,∞ (X), coherently with the fact that bounded metric spaces are bornotopy equivalent to one point and so they are trivial from a coarse point of view.
(2) An example of a metric space X with non trivial DH 1,∞ (X) is the coarse Hawaiian earring. This space, whose suggestive name has been advised by Nick Wright, is the following coarse analogue of the standard Hawaiian earring. Consider the space X = X n , where X n is the circle in the Euclidean plane with center in the point (0, n 2 ) and passing through the origin of the plane. The space X, equipped with the subspace-metric inherited by R 2 is easily seen to have non trivial DH 1,∞ (X).
Our aim is to prove the following Theorem 6.9. If X, Y are coarsely connected proper metric spaces which are bornotopy equivalent through the map f : X → Y , then
for all n, and the isomorphism is given by a canonical map f * .
We start with a simple observation. Let f be a uniformly S-bornologous map from X to Y . Fix r large enough such that X is connected at scale r. Since f is uniformly S-bornologous, the image under f of any singular (n, r)-cube in X is a singular (n, S(r))-cube in Y . Also, f maps degenerate cubes to degenerate cube and therefore f drops to a quotient homomorphism f n,r : C n,r (X) → C n,S(r) (Y ). This homomorphism maps ker(∂ n ) ⊆ C n,r (X) to ker(∂ n ) ⊆ C n,S(r) (Y ) and Im(∂ n+1 ) ⊆ C n,r (X) to Im(∂ n+1 ) ⊆ C n,S(r) (Y ). Therefore, for large r we have group homomorphisms f n,r : DH n,r (X) → DH n,S(r) (Y ), which induce component-wise homorphisms f n,r : DH n,r (X) → DH n,S(r) (Y ). This net of homomorphisms is clearly an homomorphism of direct systems and therefore we can apply Remark 6.2 and get the following proposition. Proposition 6.10. Let f : X → Y be a UBP map between coarsely connected metric spaces. Then, for all n, the natural map f n, * : DH n,∞ (X) → DH n,∞ (Y ) is a group homomorphism. Now let f ∈ U BP S f (X, Y ) and g ∈ U BP Sg (X, Y ) be bornotopy equivalent maps. Let r > 0 and denote M r = max{S f (r), S g (r)}. As before, we have systems of group homomorphisms f n,r : DH n,r (X) → DH n,Mr (Y ) and g n,r : DH n,r (X) → DH n,Mr (Y )
induced by f and g (Notice that one of the two may have image inside some H n,s with s < M r . In this case we may pass to DH n,Mr (Y ) by composing with ι s,Mr ). Observe that for large enough r, the maps f n,r and g n,r are the same, since f and g are bornotopy equivalent, that is their images are point-wise at uniformly bounded distance. Thus, by Lemma 6.3, we have the following:
Proposition 6.11. Let f, g : X → Y be bornotopy equivalent maps. Then they induce the same map on homology.
We can now prove Theorem 6.9.
Proof of Theorem 6.9. Assume f : X → Y is a bornotopy equivalence and let g : Y → X its bornologous inverse, that is, g • f ∼ Id X and f • g ∼ Id Y . By Proposition 6.11 this tells us that f • g and Id Y induce the same map on homology, that is, (f • g) * = Id DH∞,r(X) and (g •f ) * = Id DH∞,r(Y ) . By Equation 7, we then get f * •g * = Id DH∞,r(X) and g * •f * = Id DH∞,r(Y ) , that shows that f * and g * are both isomorphisms.
Conclusions and Open Problems
In this paper, we discussed a discrete homology theory for metric spaces, related to discrete homotopy theory. We proved some analogues of classical results. We also constructed a new coarse homology theory, and showed its relationship to bornotopy equivalence. However, there are many future directions left to go. We list a few open questions below.
(1) We proved the Hurewicz theorem in dimension 1. It would interesting to see if the theorem holds also in higher dimension.
(2) We proved the discretization theorem (Theorem 5.1) in dimension 1 and only for the fundamental group. Also in this case, it would be interesting to see if an analogous theorem holds in higher dimension and for both homotopy and homology groups. (3) Let (X, d) be a path-connected metric space. Observe that, consequently, X is connected at scale r, for all r > 0. Therefore, we may consider both the standard fundamental group of X, π 1 (X), and the net of discrete fundamental groups {A 1,r (X)} r>0 . Is there any relation between π 1 (X) and some sort of limit of the A 1,r (X)'s, as r → 0? Of course, one should first clarify which notion of limit would be suitable. Note that, as r decreases, the net A 1,r (X) forms an inverse system of groups. So, perhaps, the most natural notion of limit would be that of inverse limit. What makes this problem more interesting is the fact that π 1 (X) is not isomorphic to an inverse limit of {A 1,r (X)} r>0 in general. Consider R 2 \ {(0, 0)} equipped with the Euclidean metric. Then A 1,r (X) = {0}, for all r > 0, but π 1 (X) = Z. (4) An interesting problem would be that of finding a coarse analogue of the excision theorem. (5) Many other open problems would come from comparing our coarse homology theory with previously known coarse homology theories or with other known asymptotic concepts, such as asymptotic dimension, asymptotic cones, etc.
